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Dynamics of a string coupled to gravitational waves II
— Perturbations propagate along an infinite Nambu-Goto string —
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(November 11, 2018)
The perturbative modes propagating along an infinite string are investigated within the frame-
work of the gauge invariant perturbation formalism on a spacetime containing a self-gravitating
straight string with a finite thickness. These modes are not included in our previous analysis. We
reconstruct the perturbation formalism to discuss these modes and solve the linearized Einstein
equation within the first order with respect to the string oscillation amplitude. In the thin string
case, we show that the oscillations of an infinite string must involve the propagation of cosmic string
traveling wave.
PACS number(s): 04.30.Db,11.27.+d,98.80.Cq
In the simplest case, the dynamics of cosmic strings,
which are topological defects associated with the sym-
metry breaking in unified theories [1], is idealized by the
Nambu-Goto action. If the self-gravity of the string is ig-
nored (test string case), the Nambu-Goto action admits
oscillatory solutions. Then it is considered that strings
emit gravitational emission by these oscillation and grad-
ually lose their kinetic energy [2]. The precise dynamics
of strings is important for the estimation of the energy
of the gravitational waves from cosmic strings.
To clarify the precise dynamics of them, we considered
the dynamics of an infinite self-gravitating Nambu-Goto
string within the first order with respect to its oscillation
amplitude in the previous paper [3]. It is shown that the
string displacement is directly determined by the gravita-
tional waves and there is no resonance in the gravitational
wave scattering by a thin string. This shows an infinite
string bends only when the gravitational wave is passing
through the string and a string does not spontaneously
oscillate without gravitational wave, in contrast to the
fact that test strings can freely oscillate.
Though the analyses in [3] is important for the pre-
cise dynamics of strings, these are insufficient to conclude
that there is no dynamical degree of freedom for free oscil-
lations of an infinite self-gravitating Nambu-Goto string.
Because the perturbative modes which propagate along
the string with the light velocity is not included in the
analyses in [3]. Since these modes describe the dynamics
of a test Nambu-Goto string, one might expect that these
modes contain the degree of freedom for free oscillations
of a self-gravitating infinite string. Thus, these modes
are crucial for the dynamics of an infinite string.
In this article, we concentrate on these modes, which
describe the oscillations of an infinite string, within the
first order with respect to its oscillation amplitude. We
first solve the dynamics of an infinite thick string, af-
ter that, we consider the thin string situation as in [3].
We show the oscillations of an infinite thin Nambu-Goto
string are directly given by the propagation of the grav-
itational waves. These are just cosmic string traveling
waves discovered by Vachaspati [4] and Garfinkle [5].
As the background for the perturbation, we consider
first a spacetime (M, gµν) containing a straight thick
string [3,6]. The surface S of the thick string divides
M into two regions: Mex and Min. Min is the ‘thick’
world sheet of the string. We also divideM into two sub-
manifolds: M =M1 ×M2 and assume the background
metric on M in the form
ds2 = ηpqdz
pdzq + γabdy
adyb. (1)
The metric ηpq onM2 is the two dimensional Minkowski
metric and the metric γab on M1 is given by
γabdy
adyb =
dr2
1− αˆ2r2 + r
2dφ2 = dρ2 +
sin2 αˆρ
αˆ2
dφ2,
onMin∩M1, where αˆ2 = R/2 = 8πGσ0 and φ ∈ [0, 2π),
and
γabdy
adyb =
dr2
(1− α)2 + r
2dφ2 = dρ2 + (1− α)2ρ2dφ2,
on Mex ∩M1. We shall use the indices a, ..., d for ten-
sors onM1 and p, ..., s for those onM2. The Ricci scalar
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curvature R on M1 is assumed to be a constant, and α
is a deficit angle onMex ∩M1. The metric (1) is a solu-
tion to the Einstein equation with the energy momentum
tensor [1,3,6]:
Tµν = −σηµν , σ =
{
σ0 for (r ≤ r∗),
0 for (r > r∗),
(2)
where ηµν is the four dimensional extension of ηpq and r∗
is the circumference radius of S∩M1. Israel’s conditions
[7] at S yields α = 1−√1− αˆ2r2∗.
To consider the metric and matter perturbations on the
background (1), we expand the perturbative variables by
the harmonics onM2. Since we concentrate only on the
modes propagating along the string with the light veloc-
ity, we introduce
S := e−iω(t+ǫz), ǫ = ±1 (3)
as the scalar harmonics. ǫ determines the direction of the
wave propagation. For each ω and ǫ, we introduce the
null vectors kp and lp defined by
kpS = −iDˆpS, lplp = 0, lpkp = −2ω2. (4)
Using these null vectors, tensor fields onM2 are decom-
posed by the following harmonics:
V p(e1) := ik
pS, V p(l1) := il
pS, T(e0)pq :=
1
2ηpqS,
T(e2)pq := −kpkqS, T(l2)pq := −lplqS.
(5)
S, V p(e1), T(e0)pq and T(e2)pq are same as those in [3].
If kp is neither null nor zero, there are independent of
V p(o1) := ǫ
pqDˆqS and T(o2)pq := −ǫr(pDˆq)DˆrS [8] in [3].
However, when kp is null, V p(o1) (T(o2)pq) linearly depends
on V p(e1) (T(e2)pq). This is the reason why our analyses in
[3] fail to include the modes propagating along the string
with the light velocity. Instead, (3) and (5) are the set
of independent tensor harmonics for these modes and we
expand the perturbation variables by these harmonics.
Let hµν be a perturbative metric and t
µ
ν be a per-
turbed energy-momentum tensor. Using the harmonics
(3) and (5), hµν and t
µ
ν are expanded as follows:
hab =
∫
fabS, hap =
∫ {
fa(l1)V(l1)p + fa(e1)V(e1)p
}
,
hpq =
∫ {
f(l2)T(l2)pq + f(e0)T(e0)pq + f(e2)T(e2)pq
}
,
tab =
∫
sabS, t
a
p =
∫ {
sa(l1)V(l1)p + s
a
(e1)V(e1)p
}
,
tpq =
∫ {
s(l2)T(l2)
p
q
+ s(e0)T(e0)
p
q
+ s(e2)T(e2)
p
q
}
,
where
∫
:=
∑
ǫ=±1
∫
dω. The expansion coefficients are
tensors onM1. The perturbative energy momentum ten-
sor tµν has its support only onMin.
Here we consider the gauge-transformation of hµν and
tµν associated with x
µ → xµ + ξµ. ξµ is expanded as
ξa :=
∫
ζaS, ξp :=
∫ {
ζ(l1)V(l1)p + ζ(e1)V(e1)p
}
. (6)
Inspecting the gauge transformed variables hµν −£ξgµν
and tµν − £ξT µν , we find simple gauge-invariant combi-
nations: For the metric perturbations,
H := f(l2), Ha := fa(l1) −
1
4ω2
Daf(e0),
Hab := fab − 2D(aXb).
(7)
where Da is the covariant derivative associated with γab
and Xa := fa(e1)− 12Daf(e2) is transformed to Xa− ζa by
the gauge transformation. For the perturbations of T µν ,
Σ := 16πG(s(e0) + 2X
aDaσ),
V a := 16πG(sa(e1) − σXa). (8)
(8) are same as those of kpkp 6= 0 modes in [3] and all
coefficients in tµν except for s(e0) and s
a
(e1) are gauge in-
variant by themselves. Σ is the perturbation of the string
energy density which is equal to the tangential tension.
−V a/R is the displacement perturbation.
In this paper, we consider the perturbative motion of
an infinite Nambu-Goto string. We only consider Σ and
V a and drop the other coefficients in the above pertur-
bative energy momentum tensor as discussed in [3].
In terms of the gauge invariant variables defined by (7)
and (8), all components of the linearized Einstein equa-
tions onMin are given by
∆Hab = RHab + 2D(aVb) − γabDcV c,
∆Ha −DcDaHc − 2ω2DaH = 0,
∆H = 0,
DcHac + 2ω
2Ha = Va,
DaHa + 2ω
2H = 0,
Hcc = 0,
(9)
where ∆ := DaDa. On Mex, the linearized Einstein
equations are given by setting R = 0 = V a in (9). The
perturbation of the divergence of Tµν gives
2ω2σHa = 0, DaV
a +
1
2
Σ = 0. (10)
The first equation in (10) coincides with the perturbation
of the equation of motion derived from the Nambu-Goto
action [9]. The d’Alembertian of the string displacement
in the first equation vanishes by virtue of kpk
p = 0.
The global solutions of the perturbations onM should
be constructed by matching the exterior and the inte-
rior solutions to (9) and (10) at S. This is accomplished
by the perturbed Israel’s junction conditions [δqµν ] :=
δqµν+ − δqµν− = 0 and [δKµν ] = 0, where δqµν± and
δKµν± are the perturbed intrinsic metric and the extrin-
sic curvature of S, respectively. The subscripts ± repre-
sent the variables facing toMex andMin, respectively.
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Choosing the gauge freedom ζ(l)±, ζ(e)± and ζ
a
± de-
fined by (6) so that f(e0)± = f(e2)± = 0 and X
a
+ = X
a
− =
−V a/R, the independent perturbative junction condi-
tions for the perturbations at S are given by
[H ] = [naDaH ] = 0,
[naHa] = [τ
aHa] = 0, [ǫ
cdDcHd] = 0,
[τaτaHab] = [τ
anbHab] = 0,
(11)
where ǫcd is a two-dimensional antisymmetric tensor on
M1 and na := (∂/∂ρ)a and τa := (1/r) (∂/∂φ)a.
We also impose that H , naHa and τ
aHa are finite at
both r →∞ and r = 0. Then, (9), (10) and (11) yield
H = 0 = Ha (12)
on the whole spacetime M. Further, we find that the
solution to (9)-(10) are given by
Hab = DaDbΦout,
Φout = A0 ln ρ+
∞∑
m=1
(
Amρ
− m
1−α +Bmρ
m
1−α
)
eimφ (13)
onMex, where Am and Bm are arbitrary constants, and
Hab =
(
DaDb − 1
2
γab∆
)
Φin − ǫc(aDb)DcΨin,
Va =
1
2
Da(∆ +R)Φin + 1
2
ǫacD
c(∆ +R)Ψin, (14)
Σ = −∆(∆+R)Φin
onMin, without loss of generality [9]. V a in (14) shows
that arbitrary C4 functions Φin and Ψin on Min corre-
spond to the irrotational and rotational part of the inter-
nal matter velocity field of the thick string, respectively.
(13) is just the cosmic string traveling wave discovered
by Vachaspati [4] and Garfinkle [5]. This is the pp-wave
exact solution to the vacuum Einstein equation. Impos-
ing that τaτbHab and n
aτbHab are finite at r → ∞, we
obtain Bm = 0 for m ≥ 1 when α > 1/2, while only B1
may not vanish when α ≤ 1/2. The other coefficients in
(13) depend on Φin and Ψin by the conditions (11).
In this article, we consider the oscillatory behavior of a
thin string. “A thin string” should be regarded as a string
whose thickness is much smaller than any other scales.
The dynamics of a thin string is extracted from that of
a thick string by ignoring its internal fluctuations. The
thick string displacement is shown by the deformation of
S, i.e., Xa = −V a/R on S. Xa itself represents various
deformations of S. Among them, the onlym = 1 mode in
(13), the dipole deformation, represents the translation
of S and it is relevant to the string displacement as dis-
cussed in [3]. Henceforce, we concentrate on the m = 1
mode.
Here, we show examples of the global solutions under
the assumption that Φin and Ψin are eigen functions of
∆ with a eigen value λ:
∆Φin = −λΦin, ∆Ψin = −λΨin. (15)
Solutions on this assumption are sufficient to demon-
strate how a self-gravitating thin string behaves.
When λ 6= 0, the m = 1 mode solutions to (15) are
Φin = C1P
1
ν (x)e
iφ, Ψin = D1P
1
ν (x)e
iφ, (16)
where x :=
√
1− αˆ2r2, ν(ν + 1) = λ/αˆ2. When λ = 0,
we may choose Ψin = 0 without loss of generality and
Φin of m = 1 is given by
Φin = Cˆ1
(
1− x
1 + x
) 1
2
eiφ. (17)
Here, C1, D1 and Cˆ1 are constants. To derive (16) and
(17), the regularity at r = 0 is imposed.
From (11), (13), (14) and (16) or (17), we obtain
A1 =
1
2
(
1
ρ∗
)− 1
1−α
(C1 − iD1) I+1 (ν, x∗),
B1 =
1
2
(
1
ρ∗
) 1
1−α
(C1 + iD1) I−1 (ν, x∗)
(18)
for the λ 6= 0 case, and
A1 = 0, B1 = Cˆ1
(
α
2− α
) 1
2
ρ
− 1
1−α
∗ (19)
for the λ = 0 case, where x∗ :=
√
1− αˆ2r2∗ and
I±1 (ν, x∗) := ±
√
1− x2∗P 2ν (x∗)
+12(1∓ x∗)(2− ν − ν2)P 1ν (x∗).
The global solution (16) and (18) includes the situa-
tions in which the string oscillates without gravitational
waves outside the string. When I±1 = 0, both A1 and B1
may vanish while C1 and D1 are nonvanishing. Since Va
does not vanish in these case, these do describe the oscil-
lations of the string. The equation I±1 = 0 requires the
relation between ν and x∗. It can be shown that there is
no solution in 0 < ν < 1 but the solutions exist if ν ≥ 1.
However, these string oscillations without gravitational
waves are in the thick string case. In the global solutions
given by (18) or (19), the scale of the string thickness is
given by the curvature radius ∼ R−1/2 on Min ∩ M1
with the fixed deficit angle α, while the scale of the
internal fluctuations is given by λ−1/2. The condition
λ/R ∼ ν ≥ 1 for the existence of the solution to I±1 = 0
corresponds to the situation in which the scale of the in-
ternal fluctuations is comparable to the string thickness.
The string can oscillate without the gravitational wave
only when such small scale internal fluctuations are al-
lowed.
In contrast to the thick string case, “a thin string case”
is regarded as the situation ν ≪ 1 with the fixed α. As
3
the thin string case, we take the leading order of ν in the
global solutions. When ν → 0, I±1 (ν, x∗) behave
I+1 (ν, x∗) = O(ν2),
I−1 (ν, x∗) = 2ν
(
1− x∗
1 + x∗
) 1
2
+O(ν2).
(20)
and all solutions (16) with (18) are reduced to a solution
(17) with (19) by the replacement Cˆ1 = νC1. Thus, (17)
with (19) is the unique solution describes the thin string
oscillations. This also shows that the traveling wave B1
in (13) is not concerned with the internal fluctuation,
while the traveling wave Am in are excited by the inter-
nal fluctuations of the matter field.
In the same order of ν, the string displacement is
XaS :=
∫
Xa|S,m=1,λ=0 S = −
1
2
∫
SDaΦout|S,m=1,λ=0
= −
∫
B1
2(1− α)
(
r∗
1− α
) α
1−α
Seiφ (na + iτa) . (21)
SinceXaS satisfy the equation of motion (10) derived from
the Nambu-Goto action, XaS is regarded as the displace-
ment of the thin Nambu-Goto string. XaS in (21) is com-
pletely determined by the cosmic string traveling wave
B1. The oscillations of a string are nothing but the prop-
agation of the gravitational waves along it. This is our
conclusion of the kpkp = 0 modes analyses.
The amplitude |XaS | :=
√
γabXaSX
b
S is estimated as fol-
lows: Choosing the gauge freedom ζ(e)− so that f(e2) =
Φin, we obtain hµνdx
µdxν =
∫
ΦinSω
2(dt + ǫdz)2. This
shows the linear perturbation is not violated if |Φinω2| <
1. Since |XaS |/r∗ ∼ |Φin|ω2/(ωr∗)2, |XaS | > r∗ if ωr∗ ≪ 1.
Therefore, the magnitude of the displacement may be-
come larger than the string thickness within the linear
perturbation framework if the wavelength of the travel-
ing wave is sufficiently larger than the string thickness.
Though the global solutions discussed here are specific
one, our conclusion in the thin string case will be hold in
the wider class of the solutions (14). Since the eigen func-
tions of ∆ with different positive eigen values span the L2
space, the internal fluctuations Φin and Ψin in L
2 space
are decomposed by these eigen functions. Even so, in the
thin string case, we neglect the fluctuations described by
the eigen functions whose eigen values are comparable to
or larger than the internal curvature. Then we will ob-
tain (17) as the solution for the thin string case and will
reach to the same conclusion as here.
We have seen that our conclusion in [3], which states
that there is no dynamical degree of freedom of the
free oscillations of an infinite Nambu-Goto string, is un-
changed even if the kpkp = 0 modes are included into
our consideration. Our formalism in [3] and here do not
include the cylindrical static perturbations, which would
be necessary for completion, but these have nothing to
do with the dynamics of the string. Then, as the result
of the systematic search of the dynamical perturbations,
we conclude that the small amplitude oscillations of an
infinite self-gravitating Nambu-Goto string are gravita-
tional wave propagation. This is the essentially same
conclusion as that for the thin spherical wall case in [10].
An infinite Nambu-Goto string bends only when gravi-
tational waves are passing through the string worldsheet
and continues to oscillate only when gravitational waves
are propagating along itself.
The continuous string oscillations are the propagation
of cosmic string traveling waves. As pointed out by
Vachaspati [4], the traveling wave does not emit gravita-
tional waves in the direction perpendicular to the string
by itself. If the second or higher order in the string’s
oscillation amplitude give rise to the mode coupling of
kpkp = 0 and k
pkp 6= 0 modes, the string oscillations
might emit the gravitational waves towards an observer
far from the string. In the thin wall case, if there ex-
ists the gravitational wave solution propagating along the
wall, the situation may be analogous.
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